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We study the S = 1/2 Heisenberg antiferromagnet on the Cairo pentagon lattice by the
numerical-diagonalization method. We tune the ratio of two antiferromagnetic interactions
coming from two kinds of inequivalent sites in this lattice, examining the magnetization process
of the antiferromagnet; particular attention is given to one-third of the height of the saturation.
We find that quantum phase transition occurs at a specific ratio and that a magnetization
plateau appears in the vicinity of the transition. The plateau is accompanied by a magnetization
jump on one side among the edges due to the spin-flop phenomenon. Which side the jump
appears depends on the ratio.
Frustration often plays an essential role in the behav-
iors of various magnetic materials, where exotic phenom-
ena are induced owing to such frustration. Frustration
occurs in magnets when the system includes a particular
geometry of the structure. The systems of the kagome-
lattice antiferromagnet, triangular-lattice antiferromag-
net, and pyrochlore-lattice antiferromagnet which are
typical frustrated magnets, are composed of local trian-
gles creating a strong frustration. In spite of the fact that
extensive studies have been carried out to understand
these systems well, there remain unclear behaviors; in-
vestigations continue on from various viewpoints and by
various methods until now.
However, there are only a few studies of systems that
are composed of nontriangular local structures. Since
frustration occurs when bonds of antiferromagnetic inter-
action form an odd-number polygon, the next candidate
is a pentagon. Under such circumstances, Bi2Fe4O9 in
Ref. 1 and Bi4Fe5O13F in Ref. 2 were studied; there are
materials of an antiferromagnet on a lattice composed
of pentagons. The lattice is called the Cairo pentagon
lattice, which is shown in Fig. 1. Although an Fe3+ ion
in these materials behaves as an S = 5/2 spin, from the
theoretical point of view, a numerical-diagonalization in-
vestigation of the S = 1/2 antiferromagnet on this lattice
was carried out.3 The behavior under an external mag-
netic field, however, is not understood sufficiently.
In the present letter, we report our study of the mag-
netization process of the S = 1/2 Heisenberg antiferro-
magnet on a Cairo pentagon lattice by the numerical-
diagonalization method while the ratio of two antiferro-
magnetic interactions in the system is varied. Particu-
larly, we focus our attention on the behavior around the
one-third height of the saturation. Extensive studies of
this model in the entire range of the ratio will be pub-
lished elsewhere.4 The purpose of the present study is to
clarify the changes in the behavior with the variation in
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Fig. 1. (Color) Cairo pentagon lattice and its finite-size clusters.
The small violet square composed of long-dashed lines illustrates
a unit cell of the Cairo pentagon lattice. α and β denote a site
with the coordination numbers z = 3 and z = 4, respectively.
Red square, green tilted square, and blue parallelogram com-
posed of dotted lines denote a finite-size cluster for Ns = 24, 30,
and 36, respectively.
the ratio. We report a marked change around a particular
ratio, which is accompanied by a spin-flop phenomenon
in a system without spin anisotropy.
Before we present our new results, let us review the
features of the Cairo pentagon lattice. Vertices of pen-
tagons in the Cairo pentagon lattice are divided into two
groups: one is a vertex with a coordination number z = 3
and the other is a vertex with z = 4, which are hereafter
called the α and β sites, respectively. Note here that there
are two types of bonds connecting the two neighboring
vertices: α-α and α-β bonds. The unit cell of the lattice
shown in Fig. 1 include six sites, among which there are
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four α and two β sites.
The Hamiltonian studied in this research is given by
H = H0 +HZeeman, where
H0 =
∑
〈i,j〉∈α-α bonds
JSi · Sj +
∑
〈i,j〉∈α-β bonds
J ′Si · Sj .
(1)
Let us emphasize here that H0 is isotropic in spin space.
HZeeman is given by
HZeeman = −h
∑
j
Szj . (2)
Here, Si denotes the S = 1/2 spin operator at site i
shown by circles in Fig. 1. Energies are measured in units
of J for the lattice shown in Fig. 1(b); hereafter, we set
J = 1. The number of spin sites is denoted by Ns. We
investigate how the magnetization process of the above
model changes when the ratio η = J ′/J is tuned.
We calculate the lowest energy of H0 in the subspace
belonging to
∑
j S
z
j = M , using numerical diagonaliza-
tions based on the Lanczos algorithm and/or the house-
holder algorithm. Here, M takes an integer from zero
to the saturation value Ms (= SNs). The energy is de-
noted by E(Ns,M). Lanczos diagonalizations have been
carried out using the MPI-parallelized code, which was
originally developed in the study of the Haldane gaps.5
The usefulness of our program was confirmed in large-
scale parallelized calculations.6, 7
For a finite-size system, the magnetization process is
determined by the magnetization increase from M to
M + 1 at the field
h = E(Ns,M + 1)− E(Ns,M), (3)
under the condition that the lowest-energy state with
the magnetization M and that with M + 1 become the
ground state in specific magnetic fields. When the lowest-
energy state with the magnetizationM does not become
the ground state in any field, the magnetization pro-
cess around the magnetization M is determined by the
Maxwell construction. In this study, we treat the finite-
size clusters of Ns = 24, 30, and 36 shown in Fig. 1. The
periodic boundary condition is imposed for each cluster.
Let us, first, examine the magnetization process of the
present model. When we tune η, we discover that a sig-
nificant change in the behavior of the magnetization pro-
cess appears at approximately η = 0.8. To observe the
change, we depict our results for η = 0.71 and 0.85 in
Fig. 2. In the one-third height of the saturation on which
we focus our attention, one observes the presence of the
magnetic plateau as a characteristic behavior. As a sur-
prising feature, there also exists a magnetization jump
at the higher-field edge of the plateau for η = 0.71, while
a similar jump appears at the lower-field edge of the
plateau for η = 0.85. Note here that a marked change
in the magnetization process is induced only owing to a
small change in η. The presence of the jump was pointed
out in Ref. 3; the authors of Ref. 3 speculated that the be-
havior originated from the spin-nematic state because of
∆M = 2 at the jump. In the present study, on the other
hand, we investigate this behavior of the present model
from the viewpoint of the spin-flop phenomenon8–10 to
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Fig. 2. (Color) Magnetization process of the S = 1/2 Heisenberg
antiferromagnet on the Cairo pentagon lattice. The results for
η = 0.71 and 0.85 are presented in (a) and (b), respectively.
Black, green, and red lines denote the results for Ns = 24, 30,
and 36, respectively. Insets show a zoomed-in view at the higher
(lower)-field edge of the one-third height of the saturation when
η = 0.71(0.85), where the dotted lines represent the results before
the Maxwell construction is carried out.
understand the origin of the marked change.
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Fig. 3. (Color) Dependence of the average local magnetization on
the ratio of interaction η. For Ns = 24, triangles and inversed
triangles denote the results of ξ = α and β, respectively. For
Ns = 30, squares and diamonds denote the results and ξ = α
and β, respectively.
For this purpose, we examine the average local mag-
netization at the one-third height of the saturation. The
average local magnetization is evaluated by
mξLM =
1
Nξ
∑
j∈ξ
〈Szj 〉, (4)
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where ξ takes α and β. Here, the symbol 〈O〉 denotes the
expectation value of an operator O with respect to the
lowest-energy state within the subspace with a fixed M
of interest. Note that the average over ξ is carried out in
the case of degenerate ground states for some values of
M , where Nξ denotes the number of ξ sites. For M with
a nondegenerate ground state, the results do not change
irrespective of the presence or absence of the average.
Our results of the η dependence of mξLM at M/Ms = 1/3
are shown in Fig. 3. One clearly observes a large decrease
in mβLM and a large increase in m
α
LM near η = 0.78. How-
ever, we will publish the phase diagram under a nonzero
magnetic field in a wide range of η in Ref. 4; here, we
focus our attention only on the behavior near η = 0.78
and we mention the phases around there with some re-
lationships. In the region of η larger than this value, one
observes in Fig. 3 that an α-site spin becomes an up-
spin while a β-site spin becomes a down-spin. Note that
a ground state under h = 0 is exactly ferrimagnetic in the
limiting case of η →∞. It is also known that the sponta-
neous magnetized phase of ferrimagnetism is spread for
η >∼ 1.96, which was reported in Ref. 3. The present spin
arrangement suggests that the state is in the ferrimag-
netic phase under a nonzero magnetic field. In the region
of smaller η, on the other hand, an α-site spin becomes
almost vanishing, while a β-site spin becomes an up-spin.
One finds that the vanishing moments at α sites suggest
that orthogonal singlet dimers are formed at a pair of
neighboring α spins11 if it is considered that, in the case
of η = 0, the model is reduced to a system composed
of isolated single spins at β sites and isolated dimers
of antiferromagnetically interacting spins at α sites. The
present results of a marked change of spin states strongly
suggest that a quantum phase transition occurs at a spe-
cific η and that the characteristics of the magnetization
plateau at M/Ms = 1/3 are different between the cases
of η = 0.71 and 0.85 observed in Fig. 2. Unfortunately,
it is difficult to know the boundary point more precisely
by extrapolating the results for finite-size clusters in the
present study. Furthermore, it is also difficult to conclude
whether the transition is of the second order or first order
because the change in mξLM is continuous for Ns = 24,
while it is discontinuous for Ns = 30. Even though such
issues remain unresolved at the present stage, a quantum
phase transition certainly occurs near η = 0.78.
Next, let us study what happens in the appearance
of the above magnetization jump as a result of the pres-
ence of the phase transition. For this purpose, we observe
the M/Ms dependence of m
ξ
LM in the cases of η = 0.71
and 0.85; the results are shown in Fig. 4. In the case of
η = 0.71, the dependences ofmξLM forM/Ms < 1/3 seem
continuous to those of mξLM at M/Ms = 1/3 while the
dependences of mξLM for M/Ms > 1/3 seem discontinu-
ous to those of mξLM atM/Ms = 1/3, even though we do
not take the open-symbol data for energetically unreal-
ized states into account. This discontinuity indicates an
abrupt change in the spin orientation between the cases
of M/Ms = 1/3 and M/Ms > 1/3, which is the origin
of the magnetization jump as a consequence of the spin-
flop phenomenon. Note that such phenomena occur in
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Fig. 4. (Color) Dependence of the average local magnetization
on the total magnetization. The result of η = 0.71 and 0.85 are
shown in (a) and (b), respectively. The shapes of the symbols
are the same as those in Fig. 3. Closed symbols represent data
for the stably realized states, while open symbols denote data
for the unstable states at the magnetization jump.
spite of the fact that the present system does not include
any anisotropy in spin space. Such spin-flop phenomena
in systems with the same spin-isotropic nature have re-
cently been reported12 in antiferromagnets on a square-
kagome lattice13–15 and a
√
3×√3-distorted kagome lat-
tice.16, 17 In the case of η = 0.85, on the other hand, the
dependences of mξLM for M/Ms > 1/3 seem continuous
to those of mξLM at M/Ms = 1/3, while the dependences
of mξLM for M/Ms < 1/3 seem discontinuous to those of
mξLM at M/Ms = 1/3. One finds a change on one side
of the edges where the discontinuous behavior appears
in the spin orientation. The change also affects the ap-
pearance of the magnetization jump, as shown in Fig. 2.
The key to understanding the dependence of the behav-
ior on η is the difference between mξLM of M/Ms > 1/3
and that of M/Ms < 1/3. Although m
ξ
LM on both sides
of the vicinity of M/Ms = 1/3 tries to catch up with the
quite rapidly changing mξLM just at M/Ms = 1/3, the
catching up cannot necessarily be realized on both sides
of M/Ms > 1/3 and M/Ms < 1/3. The present result in
the case of η = 0.85 also suggests that the spin-flop phe-
nomenon in a spin-isotropic system can occur not only at
the higher-field edge of the one-third height of the satura-
tion. It should be investigated in future studies whether
or not the same phenomenon occurs at other heights of
the saturation.
Similar magnetization jumps of ∆M = 2 are known
in two finite-size systems without anisotropies in spin
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space: one is the Heisenberg cluster on an icosaheron18
and the other is the Heisenberg cluster on a dodecahe-
dron.19 Within the condition that one considers regular
polyhedra, unfortunately, it is impossible to increase the
number of spins systematically to that of an infinite sys-
tem. The jumps in the two finite-size clusters necessarily
appear between finite-size plateaux, although the widths
of the plateaux beside the jump in the dodecahedron
system are significantly larger than the widths of other
finite-size plateaux in the same system. With this point
of view, the situation is contrast to the behavior of the
present model where no indication of the magnetization
plateau in the thermodynamic limit of N → ∞ is ob-
served on the opposite side of a clearly existing magne-
tization plateau with respect to the jump. The jump of
the icosaheron system appears only for a large spin am-
plitude of S = 4, while no jump is observed in the case
of S < 4. Future studies of the Cairo-pentagon-lattice
antiferrmagnet composed of larger spins would make it
possible to examine the relationship between the icosa-
heron system and the present model.
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Fig. 5. (Color) Magnetization process of the Cairo-pentagon-
lattice antiferromagnet with a ratio of η = 0.78. Black, green,
and red lines denote the results for Ns = 24, 30, and 36, respec-
tively.
Finally, let us observe the magnetization process
around the boundary of the phase transition ofM/Ms =
1/3. We depict the result of the magnetization process
at η = 0.78 in Fig. 5. No jumps are observed. One finds
that the width of the finite-size step at M = (1/3)Ms
is very small in comparison with the widths of those
for η = 0.71 and 0.85 in Fig. 2. Within the result of
η = 0.78, the width is also smaller than the widths
of steps at M = (1/3)Ms + 1 and M = (1/3)Ms − 1.
The small width suggests the disappearance of the mag-
netic plateau. However, a careful extrapolation toward
the thermodynamic limit should be performed; this is an
open issue in future studies.
In summary, we have investigated the magnetiza-
tion process of the S = 1/2 Heisenberg antiferromag-
net on the Cairo pentagon lattice by the numerical-
diagonalization method with a variation in the ratio of
the two antiferromagnetic interactions. We have found
that a quantum phase transition occurs at the one-third
height of the saturation. We have also found that a
magnetization jump appears due to the spin-flop phe-
nomenon. The present model is the first case when the
spin-flop phenomenon without spin anisotropy occurs in
a system that does not include a local lattice structure
of triangles. Our unexpected observation is that the side
where the jump appears depends on which side of the
transition the ratio is located. The behavior of the Cairo-
pentagon-lattice antiferromagnet is quite a characteris-
tic behavior. Examinations of the comparison between
other frustrated systems including antiferromagnets on
the kagome lattice,17, 20 triangular lattice,21 and interpo-
lated case,22, 23 as well as on the square-kagome lattice12
would provide us with various viewpoints that will con-
tribute much to our understanding of frustration effects.
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